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3

(c) Assume gL and pM are injective. By (b), the given exact sequence splits, i.e.
M ~ L& N. By (a), gN is injective.

(d) Not necessarily.
Counter example: Consider the following exact sequence of Abelian groups (Z-modules):

0—72—Q—Q/Z—0.

Since Z is a PID, a Z-module X is injective if and only if X is a divisible Abelian group.
It follows that the divisible Abelian groups Q and Q/Z are injective Z-modules. However,
Z is clearly not divisible (e.g. the equation 2x = 3 has no solution in Z), whence 7Z is not
injective.
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Part II: Solve each of the following two questions:

Q7. (8 points) Compute the following Abelian groups (up to isomorphism):
(a) Zna @z Ly =~ Lged(12,30) = Lg-

() Q®zQ~Q®eQ~Q.



Q8. (12 points) Prove or disprove (showing full details):
(a) Every commutative Noetherian ring R with zero Jacobson radical is semisimple.

FALSE
Counter example: Consider R = Z. The ring of integers is commutative, J(Z) = 0
and Z is Noetherian. Since Z is not Artinian, Z is not semisimple.

(b) Every left semisimple ring is right semisimple.

TRUE
Proof:

By the Wedderburn—Artin Theorem: A ring R is left semisimple if and only if R is
isomorphic to a direct product of finitely many finite matrix rings over division rings.

Let R be left semisimple. Then there exist finitely many division rings Dy, --- , Dy and
positive integers nq, - - -, ng such that
R~ M,,(Dy) x -+ x M, (Dy).
It follows that
R?

12

(M, (D1) X -+ x My, (D))
My, (D)% X -+ x My, (Dy)”
~ My, (D) x -+ x M, (D).

Since D{¥, - -+, D;? are also division rings, R is left semisimple whence R is right semisim-
ple (R and R are anti-isomorphic).

12

(c) If R is a Noetherian commutative ring, then every proper ideal of R has a unique
primary decomposition.

FALSE
Counter example: Consider the commutative Noetherian ring R := R|z,y| and the
ideal I := (22, zy). Then I has two different minimal primary decompositions

(2%, 2y) = (z) O (z,9)* = (x) N (a2, y).
Notice that

e Rlz,y]/(z) ~ R[y] (an integral domain), whence (z) is a prime ideal of R.
o Rz, y|/(z,y) ~R (a ﬁled) Whence ( ,y) is a maximal ideal of R.

e It is clear that /(z,vy)? = (z,y) (22, y), whence both (z,y)? and (z2,y) are

(z,y)-primary (any ideal Wlth maxunal radical is primary).
e The set of associated primes of [ is {(x), (z,y)}.

GOOD LUCK





