
Solution of  
Comprehensive Exam (T232) 

 
 

1) Compute 𝐷0
𝛼𝑐 𝑓, 0 < 𝛼 < 1, 𝑡 > 0, for  

𝑓(𝑡) = {
𝑡, 𝑡 < 1,
1 − 𝑡, 𝑡 ≥ 1.

 

Solution 
For 𝑡 < 1, 

𝐷0
𝛼𝑐 𝑡 =

𝑡1−𝛼

Γ(2 − 𝛼)
. 

For 𝑡 ≥ 1, 
Since 𝑓 is not continuous at 𝑡 = 1, we use the definition 

𝐷0
𝛼𝑐 𝑓 ≔ 𝐷0

𝛼𝑅𝐿 [𝑓 − 𝑓(0)] = 𝐷0
𝛼𝑅𝐿 𝑓 = 𝐷𝐼0

1−𝛼𝑓. 
 

Γ(1 − 𝛼)𝐼0
1−𝛼𝑓 = ∫ (𝑡 − 𝑠)−𝛼𝑓(𝑠) 𝑑𝑠

𝑡

0

= ∫ (𝑡 − 𝑠)−𝛼𝑓(𝑠) 𝑑𝑠
1

0

+ ∫ (𝑡 − 𝑠)−𝛼𝑓(𝑠) 𝑑𝑠
𝑡

1

 

= ∫ (𝑡 − 𝑠)−𝛼𝑠 𝑑𝑠
1

0

+ ∫ (𝑡 − 𝑠)−𝛼(1 − 𝑠)𝑑𝑠
𝑡

1

 

Using integration by parts, 

∫ (𝑡 − 𝑠)−𝛼𝑠 𝑑𝑠
1

0

=
(𝑡 − 1)1−𝛼

𝛼 − 1
−

1

𝛼 − 1
∫ (𝑡 − 𝑠)1−𝛼 𝑑𝑠

1

0

 

=
(𝑡 − 1)1−𝛼

𝛼 − 1
−

1

𝛼 − 1
[
(𝑡 − 𝑠)2−𝛼

𝛼 − 2
]

0

1

 

=
(𝑡 − 1)1−𝛼

𝛼 − 1
−

1

(𝛼 − 1)(𝛼 − 2)
[(𝑡 − 1)2−𝛼 − 𝑡2−𝛼] 

∫ (𝑡 − 𝑠)−𝛼𝑓(𝑠) 𝑑𝑠
𝑡

1

= 𝐼1
1−𝛼(1 − 𝑠) =

(1 − 𝑡)2−𝛼

Γ(2 − 𝛼)
 

 
*********************************************************************** 

2) Let 𝑓 ∈ 𝐿1(𝑎, 𝑏). Consider the Riemann-integral of order 𝛼 > 0, 

(𝐼𝑏−
𝛼 𝑓)(𝑥) ≔

1

Γ(𝛼)
∫ (𝑠 − 𝑥)𝛼−1 𝑓(𝑠) 𝑑𝑠

𝑏

𝑥

, 𝑥 < 𝑏. 

Show that 𝐼𝑏−
𝛼 𝑓 ∈ 𝐴𝐶[𝑎, 𝑏] for 𝛼 > 1.  

Solution 

Since 𝑓 ∈ 𝐿1(𝑎, 𝑏), then 𝐼𝑏−
𝛼−1𝑓 ∈ 𝐿1(𝑎, 𝑏). Thus  

𝐼𝑏−
𝛼 𝑓 = 𝐼𝑏−𝐼𝑏−

𝛼−1𝑓 ∈ 𝐴𝐶[𝑎, 𝑏]. 

 

*********************************************************************** 

  



 

3) Let 𝑓 ∈ 𝐶[𝑎, ∞) and 1 < 𝛼 < 2. Show that 𝑢 ∈ 𝐴𝐶2[0, ∞) is a solution of 

𝐷0
𝛼𝑐 𝑢(𝑡) = 𝑓(𝑡), 𝑡 > 0, 

𝑢(0) = 𝑢0, 𝑢′(0) = 𝑢1, 

if and only if 𝑢 is a solution of the problem  

𝑢′(𝑡) = 𝐼0
𝛼−1𝑓(𝑡) + 𝑢1, 

𝑢(0) = 𝑢0. 

Solution 

⟹ Apply 𝐼0
𝛼−1 to the differential equation. Then 

𝐼0
𝛼−1 𝐷0

𝛼𝑐 𝑢 = 𝐼0
𝛼−1𝐼0

2−𝛼𝐷2𝑢 = 𝐼0𝐷2𝑢 = 𝐼0𝐷𝑢′ = 𝑢′ − 𝑢1. 

⟸  Apply 𝐷0
𝛼−1𝐶  to the integral equation, 

𝐷0
𝛼−1𝐶 𝑢′(𝑡) = 𝐼0

2−𝛼𝐷𝑢′ = 𝐷0
𝛼𝐶 𝑢. 

Since 𝐼0
𝛼−1𝑓(0) = 0, 

𝐷0
𝛼−1𝐶 𝐼0

𝛼−1𝑓 = 𝐷0
𝛼−1𝑅𝐿 𝐼0

𝛼−1𝑓 = 𝑓. 

 

*********************************************************************** 

 

4) Solve the Cauchy problem 

𝐷0
8/3𝑐 𝑦(𝑡) − 4𝑦(𝑡) = 0, 𝑡 > 0, 

𝑦(0) = 1, 𝑦′(0) = 0, 𝑦′′(0) = 2. 

Solution 

Apply Laplace transform with 𝛼 = 8/3, 𝑛 = 3, and let 𝑌(𝑠) = ℒ{𝑦}, 

𝑠𝛼𝑌 − 𝑠𝛼−1𝑦(0) − 𝑠𝛼−2𝑦′(0) − 𝑠𝛼−3𝑦′′(0) − 4𝑌 = 0. 

⟹     𝑌 =
𝑠𝛼−1

𝑠𝛼 − 4
+

2𝑠𝛼−3

𝑠𝛼 − 4
. 

Applying inverse Laplace transform, 

𝑦(𝑡) = 𝐸𝛼(4𝑡𝛼) + 2𝑡2𝐸𝛼,3(4𝑡𝛼). 

 

*********************************************************************** 

 

  



5) Prove the following identity or show it is not correct, 

𝐷0
1/2𝑅𝐿  𝐷0

3/2𝑅𝐿 𝐸𝛼(𝑥) = 𝐷2𝐸𝛼(𝑥). 

Solution 

This identity is incorrect since 

𝐷2𝑥𝑘 = 𝑘(𝑘 − 1)𝑥𝑘−2 , 𝑘 = 2, 3, … 

𝐷0

1
2𝑅𝐿  𝐷0

3
2𝑅𝐿  𝑥𝑘 = 𝐷0

1
2𝑅𝐿 Γ(𝑘 + 1)𝑥𝑘−

3
2

Γ (𝑘 −
1
2)

 , 𝑘 = 0, 1, … 

=
k! Γ (𝑘 −

1
2) 𝑥𝑘−2

Γ (𝑘 −
1
2)  Γ(𝑘 − 1)

 , 𝑘 = 0, 1, 2, … 

=
k! 𝑥𝑘−2

(𝑘 − 2)!
= 𝑘(𝑘 − 1)𝑥𝑘−2, 𝑘 = 2, 3, … 

 
*********************************************************************** 

6) Calculate the following derivative, 

𝐷0
𝛼𝑐 (1 + 𝑥)𝛼, 0 ≤ 𝑥 < 1, 0 < 𝛼 < 1. 

Solution 
By direct application of the definition or using the binomial theorem 

Hint. (𝑥 + 𝑦)𝑟 = ∑ (
𝑟
𝑘

) 𝑥𝑟−𝑘𝑦𝑘∞
𝑘=0 , |𝑥| > |𝑦|. 

 

𝐷0
𝛼𝑐 (1 + 𝑥)𝛼 = 𝐷0

𝛼𝑐  ∑ (
𝛼
𝑘

) 𝑥𝑘

∞

𝑘=0

= ∑(−1)𝑘 (
𝛼
𝑘

) 𝐷0
𝛼𝑐 𝑥𝑘

∞

𝑘=1

 

𝐷0
𝛼𝑐 𝑥𝑘 =

𝑘! 𝑥𝑘−𝛼

𝛤(𝑘 − 𝛼 + 1)
 . 

 
*********************************************************************** 
7) Use successive approximation to compute 𝑢1(𝑡) and 𝑢2(𝑡) only for 

𝐷0
𝛼𝑐 𝑢 = 𝑡 + 𝑢2, 0 < 𝛼 < 1, 𝑡 > 0, 

𝑢(0) = 0. 

Solution   Apply 𝐼0
𝛼 to the equation, 

𝑢(𝑡) =
𝑡1+𝛼

Γ(2 + 𝛼)
+ 𝐼0

𝛼𝑢2 = 𝑢0(𝑡) + 𝐼0
𝛼𝑢2. 

𝑢1(𝑡) = 𝑢0(𝑡) + 𝐼0
𝛼𝑢0

2 = 𝑢0(𝑡) +
1

Γ2(2 + 𝛼)
𝐼0

𝛼𝑡2+2𝛼 = 𝑢0(𝑡) +
Γ(3 + 2𝛼) 𝑡2+3𝛼

Γ2(2 + 𝛼)Γ(3 + 3𝛼)
 . 

𝑢2(𝑡) = 𝑢0(𝑡) + 𝐼0
𝛼𝑢1 = 2𝑢0(𝑡) + 𝐼0

𝛼 [𝑢0(𝑡) +
Γ(3 + 2𝛼) 𝑡2+3𝛼

Γ2(2 + 𝛼)Γ(3 + 3𝛼)
] . 

*********************************************************************** 



Formula 

𝐼0
𝛼 𝐷0

𝛼𝑅𝐿 𝑓(𝑡) = 𝑓(𝑡) − ∑
𝐷0

𝛼−𝑘𝑓(0)

Γ(𝛼 − 𝑘 + 1)
 𝑡𝛼−𝑘

𝑛

𝑘=1

 

𝐷𝑎
𝛼

 
𝑐 𝑓 ≔ 𝐷𝑎

𝛼𝑅𝐿 [𝑓 − ∑
𝑓(𝑘)(𝑎)

𝑘!
 (𝑥 − 𝑎)𝑘

𝑛−1

𝑘=0

 ] 

𝐸𝛼,𝛽(𝑧) = ∑
𝑧𝑘

Γ(𝛼𝑘 + 𝛽)

∞

𝑘=0

  

ℒ{𝑡𝛽−1𝐸𝛼,𝛽(𝜆𝑡𝛼)} =
𝑠𝛼−𝛽

𝑠𝛼 − 𝜆
, ℒ{1} = 1/𝑠 

ℒ{𝐼0
𝛼𝑓(𝑡)} = 𝑠−𝛼𝐹(𝑠) 

ℒ{ 𝐷0
𝛼𝑅𝐿 𝑓} = 𝑠𝛼𝐹(𝑠) − ∑ 𝑠𝑘−1(𝐷0

𝛼−𝑘𝑓)(0)

𝑛

𝑘=1

 

ℒ{ 𝐷0
𝛼𝐶 𝑓} = 𝑠𝛼𝐹(𝑠) − ∑ 𝑠𝛼−𝑘−1(𝐷𝑘𝑓)(0)

𝑛−1

𝑘=0

 

_________________________________________________________________________ 


