Solution of
Comprehensive Exam (T232)

1) Compute “D§f,0<a <1,t>0,for

t, t<1,
f(t)_{l—t, t>1.
Solution
Fort <1,
tl—a
‘Dt = ———.
" T2 -a)
Fort > 1,

Since f is not continuous at t = 1, we use the definition
‘D§f = ""DE[f — f(O)] = **D§'f = DI~ “f.

t 1 t
rl—a)i} %f = f (t—5)"%f(s)ds = f (t—5)"%f(s)ds + f (t—5)"%f(s)ds
0 0 1

1 t
= f (t—s)%ds+ f (t—s)"(1—s)ds
0 1
Using integration by parts,
(t—1)t« 1

fo(t—s)‘“sds= — —a_lfo(t—s)l‘“ds
-1 [(t - s)z-al1
0

a—1 _a—l a—2
(=D 1 2-a_ s2-a
=1 - Da_plt- DTt

t ~ . (1_t)2—a
f(t—s) “f(s)ds =1 “(1—S)=—F(2_a)

3k 3k 3k 3k 3k 3k 3k 3k 3k ok 5k sk 3k 3k ok 3k %k 3k 3k ok 3k 3k 3k 5k 3k %k 3k 5k ok 3k 3k 3k 3k 5k %k 3k 3k ok %k 3k 3k ok ok %k 3k 3k ok 3k 3k 3k 3k 5k 3k 3k 3k %k ok 3k 3k 3k ok 3k 3k 3%k 3k %k %k ok %k %k k

2) Let f € L'(a,b). Consider the Riemann-integral of order a > 0,

1 b
NG = [ =07 f(s)ds,  x<b

Show that If_f € AC[a, b] fora > 1.
Solution
Since f € L'(a, b), then IZ=*f € L'(a, b). Thus
I f=1,_I¢~'f € AC[a, b].
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3) Letf € Cla,»)and 1 < a < 2. Show thatu € AC?[0, ) is a solution of
‘Diu(t) = f(¢t), t >0,
u(0) = uy, u'(0) =y,
if and only if u is a solution of the problem
W) =157 f(0) +ug,
u(0) = u,.
Solution
= Apply I~ to the differential equation. Then
1§71 °Du = 1871127 *D?*u = IyD?*u = I,Du’' = u' — u,.
& Apply *DF ! to the integral equation,
D&/ (t) = IZ%Du’ = “Dfu.
Since I&71£(0) = 0,
CDg—llg—lf — RLDg—IIgc—lf — f
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4) Solve the Cauchy problem
DERPy(t) —4y(t) =0, t>0,
y@=1 y(@©=0  y"(0)=2
Solution
Apply Laplace transform with « = 8/3,n = 3, and let Y(s) = L{y},
s¥Y — 5% 1y(0) — s*72y'(0) — s*3y"(0) — 4Y = 0.

Sa—l Zsa—S
= Y= + .
s*—4 s*—-4

Applying inverse Laplace transform,
y(t) = Eo(4t%) + 2t%E, 5(4t%).
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5) Prove the following identity or show it is not correct,
1/2 3/2
FLDy REDY/2 B (x) = D2Eq ().
Solution

This identity is incorrect since
D?x* = k(k — 1)x*2, k=23,..

3

13 1Tk + 1)x*2
RLDgRLDgxszLDg—( )1 ,  k=0,1,..

r(k—3)

N
_ i (k —g) . k=0,1,2,..
F(k—%) Ik —1)
k! xk=2
~k=2)

= k(k — 1)x*2, k=23,..
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6) Calculate the following derivative,
‘DE(1 + x)%, 0<x<1, 0<a<l.
Solution
By direct application of the definition or using the binomial theorem
Hint. (x + )7 = X5 () ¥, 1xl > Iyl.

DE(1 + %)% = D& Z (7)) = 0¥ (}) Dsxt
k=0 k=1
k! xk-a

‘Dix* = ————x.
o T Tk—a+1)
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7) Use successive approximation to compute u,(t) and u,(t) only for

‘Dfu =t + u?, 0<a<l, t>0,

u(0) = 0.
Solution Apply I§ to the equation,

1+a

“O=rera

+ I§u? = uy(t) + I§u?.

I'(3 + 2a) t?*3@
22+ a)r(3+3a)’
'3 + 2a) t?*3¢@
22+ a)r(3+3a)|
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Uy (8) = uo(t) + I§ud = uo(t) + I§FE242 =y () +

22+ a)

Uy () = up(t) + Igu; = 2uy(t) + I [ue(t) +




Formula

= DERF(0
DS = (0 = Y. LD e
k=1

n-1

)
f_zf k!(a) (x—a)"]

k=0

‘DEf = "D

Eap() = ) =

kzOF(akﬂ—ﬁ)
sah
a _/1’

L{tF T E, g(At™)} = L{1}=1/s

S
LUG ()} = s7F(s)

£{FDgf} = s9F(s) = ) sKA(DEHF)(0)
k=1

n—-1

L{D§f} =s%F(s) — ) s**1(Dkf)(0)
k=0




