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1. Write clearly and legibly. You may lose points for messy work.

2. Show all your work. No points for answers without justification !
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Exercise 1:

A-(8) Let N(t), t ≥ 0 be a Poisson process with parameter λ. Show that lim
t−→∞

N(t)

t
= λ a.s.

Hint: You may use the Strong law of large numbers : lim
n−→∞

N(n)

n
= λ a.s.

B-(5) Let X and Y be two random variables with a Poisson distributions with parameters
λ and µ respectively. If X and Y are independent, find the distribution of the random variable
X + Y .
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Exercise 2:
Consider the geometric Brownian motion given by Xt = eµ t+σ Bt , t ≥ 0, σ > 0, µ ∈ R.
1-(8) Find E(Xt) and V ar(Xt).

2-(4) Give an application where we can use the geometric Brownian motion Xt.
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Exercise 3:
Consider the Markov chain {Xn, n ≥ 0} with three states, S = 0, 1, 2, that has the following
transition matrix

P =

 0.1 0.2 0.7
0.2 0.2 0.6
0.6 0.1 0.3


1. (4)Draw the state transition diagram for this chain.

2. (6) Determine P (X3 = 1 | X1 = 0).

3. (6) Determine P (X3 = 1 | X0 = 0).

4. (4) Assume the initial distributions are P0 = P1 = 0.5, compute P (X2 = 0).
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Exercise 4: Let Xt, Yt be Itô processes in R.
1)-(8) Prove that:

Xt Yt = X0 Y0 +

∫ t

0

Ys dXs +

∫ t

0

Xs dYs +

∫ t

0

dXs dYs

2)-(12) Let Φt = exp(−αBt + 1
2
α2 t), α ∈ R.

i)- Find dΦt.

ii)- Given that: dYt = r dt + αYt dBt, r ∈ R. Prove that Yt = Y0 Φ−1t + rΦ−1t

∫ t

0

Φs ds

(Hint: Use 1) ).
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Exercise 5: To describe the motion of a pendulum with small, random perturbations in
its environment we consider the stochastic differential equation :

U ′′t +
(

1 + εWt

)
Ut = 0; U0, U

′
0 given, (a)

where Wt is a one-dimensional white noise, ε a positive constant.

1- (13) Show that the stochastic differential equation (c) can be written in the following form:

dXt = KXt dt− ε LXt dBt, (b)

where Xt, K, L are suitable matrices and Bt a Brownian motion.

2- (12) Show that Yt solves a stochastic Volterra equation of the form

Yt = Y0 + Y ′0 t +

∫ t

0

a(t, r)Yr dr + ε

∫ t

0

γ(t, r)Yr dBr , (c)

where a(t, r) and γ(t, r) are functions to be determined.
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Exercise 6: The Black-Scholes-Merton model for growth with uncertain rate of return, is
the value of §1 after time t, invested in a saving account. It is described by the following
stochastic differential equation:

dXt = µXt dt+ σXt dBt, µ, σ > 0 (d)

1-(4) Give the type of the SDE (d).

2-(6) Prove that the solution of the SDE (d) is given by a Geometric Brownian motion.


