STAT 416- Major Exam 1

KFUPM, Department of Mathematics
Kroumi Dhaker, Term 241

1 Exercise 1(20=4+9+7 points)

A taxicab driver moves between the airport A and two hotels B and C according to the following rules. If he
is at the airport, he will be at one of the two hotels next with equal probability. If at a hotel then he returns
to the airport with probability 3/4 and goes to the other hotel with probability 1/ 4.

(a) Find the transition matrix for the chain.

(b) Suppose the driver begins at the airport at time 0. Find the probability for each of his three possible
locations at time 2.

(c) Suppose the driver starts at hotel B at time 0. What is the expected number of trips he will need to
make before reaching the airport for the brst time?



2 Exercise 2(15=7+8 points)

Coin 1 comes up heads with probability 0.6 and coin 2 with probability 0.5. A coin is continually Bipped until
it comes up tails, at which time that coin is put aside and we start Ripping the other one.

1. What proportion of Bips use coin 1?

2. If we start the process with coin 1 what is the probability that coin 2 is used on the bfth Rip?



3 Exercise 3(20=5+10+5 points)

A DNA nucleotide has any of four values: adenine (A), cytosine (C), guanine (G) and thymine (T) . A standard
model for a mutational change of the nucleotide at a specibc location is a Markov chain model that supposes
that in going from period to period the nucleotide does not change with probability 1! 3!, and if it does
change then it is equally likely to change to any of the other three values, for somé0 <! < %). Let X, be
the type of nucleotide in period n.

1. Write the transition matrix of the Markov chain (X,).

2. Show that P,S‘A) =2+ 311 4)n

3. What is the long-run proportion of time the chain is in each state?



4 Exercise 4(10 points)

Suppose that on each play of the game a gambler either wins 1 with probabilityp or loses 1 with probability

1! p. The gambler continues betting until she or he is either upn or down m. What is the probability that
the gambler quits a winner?

1 g
Hint: U; = —lpiN
1! %



5 Exercise 5(15=7+8 points)

The number of individuals produced by each individual in a branching process isl or 2 with the same
probability p, and 0 with probability 1! 2p, for 0<p < 1/2, independently of all others.

1. Find the condition on p so that the extinction probability is less than 1.

3)9.
mgaws thal >4

7 3

2. Find the extinction probability under this condition.
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6 Exercise 6(20=7+7+6 points)

A discrete-time Markov chain on the statesO, 1, ..., 5 has one-step transition probabilities given by the matrix

01/301/301/3
100000
010000
P_001000
000100
000010
Determine:

1. The stationary distribution, if it exists.
2. The limit as n tends to inPnity of the n-step transition probability from 0 to O, P(”), if the limit exists.
3. The limit as n tends to inPnity of the averagen-step transition probability from 0 to 5, given by

Péé) + Péz) + 444 ng)
n

if the limit exists.

BrieRy justify the existence of the limit in each case.
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