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1. The solution of the exact differential equation

. . 1 1
siny +ysinx+ — | dv+ | —+xcosy —cosx | dy =10
x y

is given by
(a) In|z|+Inly| + zsiny — ycosz = C (correct)
(b) In|z| +1Inl|y| + zcosy —ycosx =C

)

)

(¢) In|z| —In|y| —zcosy —ycosz = C

(d) In|z| — In|y| + xsiny — ycosz = C
)

(e) In|z| +1In|y| +ysiny —xcosx =C

d 2
2. A general solution of the differential equation Y —y = 4x3y* is given by
x

(correct)
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3. The solution of the initial-value problem

241
xe’ dy + (x i ) dx =0, y(l) =1,
)

is given by

MASTER |

(a) 2(y — De¥ + 22+ 2In|z| =1 (correct)
(b) 3(y —1)eY + 2? + 2In x| =1
(c) 4(y —1)eY + 2® +3In|z| =1
(d) 5(y —1)eY + 2* —2In|z| =1
(e) (y—1)e? +z*+2In|z| =1
4. The sum of the indicial roots at x = 0 for the differential equation
r(d—2)y"+2—2)y +4y =0
1s
1
(a) 5 (correct)
(b) 0
1
() 3
1
d) =
@ 5
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1 -2 3 1
5. If the rank of the matrix A = g :2 §5§ ;l is equal to 2, then k =
1 -1 2 k*—6
(a) £3 (correct)
(b) 3 only
(c) —3 only
(d) £v6
(e) 0

6. Suppose that a 2 x 2 matrix A has the eigenvalues A\; = 2 and A\, = 1, with corresponding eigenvectors

12 E . s Ty B
v = {J,and vy = {2},respectlvely. If A* = L w},thenx%—y—l—z%—w—

(Hint: Find a diagonalizing matrix P and write A = PDP™1.)

(a) =7 (correct)
(b) —6
(¢) =5
(d) -9
)

—
@)
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7. The number of irregular singular points of the differential equation
1=y +y +ay=0

18

(correct)

N~

Q. o
— N N N N
N O S

—~
@

8. If y = > 7 c,a™ is a power-series solution of the differential equation (22 + 1)y” — 4ay’ + 6y = 0
about the ordinary point x = 0, then the constants ¢,, satisfy the recurrence relation

(a) ¢, = (4 ;(ZL)(—nl; 5)cn_2, n>2 (correct)
_ (4+n)(n—5)

(b) ¢n, = nn—1) Cpn—2, M >2
~ (4=n)(n+5)

(c) cn = nn—1) Cng, N >2
_ (4+n)(n+5)

(d) ¢n = nn—1) Cpnog, M >2

() e = (2—|—n)(n—5)cn_27 N>

n(n+ 1)
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9. Consider the system

X'— AX,  X(0) = H ,

where A is a 2 X 2 matrix with real entries. If A has the eigenvalue A\ = 1 + ¢ with corresponding

-1 _Z} , then X () =

eigenvector K = { 1

(a) € ] (correct)

o 0o 1 -1
10. If K = [ 1] is an eigenvector with eigenvalue A = —2 of the matrix A= -3 1 =3/,
1 1 -4 2
then oo =

0 (correct)
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11. A fundamental matrix of the system X' = E ﬂ X is

et eBt

(a) ot 634 (correct)
ot Bt

o [
'26715 63t

(c) —e ¢ 3t1
i e—t 3€3t

@ 5]
et 0

@ S

12. If the three vectors v; = (1,2,3), vy = (=1,0,4), and v = (3,2, k) of R? are linearly dependent,
then k =

(a) =5 (correct)
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13. Consider the non-homogeneous system

X’:AX+B}.

. : . 1 1
If the general solution of the associated homogeneous system is X, = ¢; [1] el + ¢ [2} e3t, then a

particular solution X, is

(a) 2] (correct)

14. By using the method of undetermined coefficients, a particular solution of the differential equation
y" — 2y = 6e** 4+ 5cosx

is given by y, = Are* + Bcosz + Csinz. Then 5B + 2A + 5C =

I
©

(correct)

ot

—
@ o o
S
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15. A particular solution of the differential equation y” 4 4y = 4sec(2x) is given by y,(x) =

a) cos(2z)In|cos(2x)| + 2z sin(2x) (correct)

b) — cos(2x) In |sin(2z)| + x sin(2x)
(c) sin(2z)In|sec(2z) 4 tan(2z)| — 1
(d)
)

(
(

d) cos(2z)In|sec(2z) + tan(2x)| 4+ x sin(2x)
(e) 2z cos(2z) + sin(2x) In | cos(2z)|

16. The minimum radius of convergence of a power-series solution of the differential equation
(2% — 42 + 13)y" + 22y —y =0

about the ordinary point x = 1 is equal to

(correct)

a/—\

w
=] W =}
w

o
—_ — L D
(G2 B N}
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2k -7

17. If Co — 1, Cr —

in the series solution of a differential equation about the regular singular point x = 0, then th
solution is given by

ck_1,k > 1, is the recurrence relation corresponding to the indicial root r =

oo =

_ . 5 -
(a) y = V21— S 2y (correct)

12 96

(b) y = /2 1+ix+3x2+~~

12 96
[ 5 5
(©y=xz 2" ot T
- . . )
d) v=2172 1= = I
d) y== _ 18:1:+ 06° +
(e) y = z!/? _1— —x+lx2—|—
12 96
_ 125 At _
18. If A= {O 2},thene =
2t 2t
(a) 60 52; ] (correct)
62t 562t
o [ %]
o2 Bt
(c) 2t:|
0 e
_6215 5t€2t
(d) 0 262t:|
_62t 2t62t
© |5 ]
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11 2
19. The general solution of X’ = |1 2 1| X can be written as
2 11

1 1 ¥
X=c |a|e4+c |0 et +e5 |—2] €.
1 6] 1
Then ao + 4+ v =

(a) 1 (correct)
(b) O

(c) -2

(d) 3

(e) —1

20. A linear homogeneous differential equation with real constant coefficients having the
solutions xe*® and 3e** sin(2z) is given by
a) y® — 8y® 4 28y" — 48y + 32y =0 (correct)

(a)
(b) y® —8y® +29y” — 52y + 40y = 0
(¢) y™@ + 8y + 299" + 52y + 40y =0
(d) y@ — 6y + 209" — 40y’ + 32y =0
(e) yW — 8y + 29y — 40y’ + 16y = 0
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210
21. Consider the matrix A = |0 2 1|, which has an eigenvalue A = 2 of multiplicity 3 and
00 2
0
defect 2. If we choose the generalized eigenvector v3 = 0| such that (A — 2I)3v3 = 0 but
1
(A — 2I)?v3 # 0, which of the following represents the general solution of the differential system
X' =AX?
1] [t t2/2
(a) X(t)=1c1 |0 +ca |1]| +e3| ¢t e (correct)
u 0 1
[1] [t +1 t?
) X(t)= e [0 +ea| 1 | 4eg|2t] |
0] | 0 1
[0] 1] [t
(c) X(t)= e [1]| +eo |[t]| +e3 |t2/2] | *
u 0] 1
[1] ] Ia
(d) X(t) = C1 1 + Co t| + C3 t 62t
0] 1] 1
[0] 0] [ 1
(e) X(t)=[c [0 +co |1| +e3| ¢ e
1 a t%/2
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Check that this exam has 21 questions.

Important Instructions:

1. All types of calculators, smart watches or mobile phones are NOT allowed during the examination.

2. Write your name, ID number and Section number on the examination paper and in the upper left
corner of the answer sheet.

3. When bubbling your ID number and Section number, be sure that the bubbles match with the
numbers that you write.

4. The Test Code Number is already bubbled in your answer sheet. Make sure that it is the same as
that printed on your question paper.

5. When bubbling, make sure that the bubbled space is fully covered.

6. When erasing a bubble, make sure that you do not leave any trace of penciling.
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1. Consider the non-homogeneous system

X’:AX+B}.

If the general solution of the associated homogeneous system is X, = ¢; E] el + ¢ E} e3t, then a

particular solution X, is

2. Consider the system

X'— AX,  X(0)= H ,

where A is a 2 X 2 matrix with real entries. If A has the eigenvalue A\ = 1 + ¢ with corresponding

-1 _Z} , then X (7) =

eigenvector K = [ 1

() e |,
o) e | 2]
(©) e |3
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3. The solution of the exact differential equation
. . 1 1
siny +ysinx+ — | dv+ | —+xcosy —cosx | dy =10
Z )

is given by

(a) In|z| —Inly| —xcosy —ycosz =C
(

b) In|x| —In|y| + zsiny —ycosz = C

)

)

(¢) In|z| +1In|y| + zcosy —ycosz =C

(d) In|z| +1In|y| + ysiny — xcosz = C
)

(e) In|z| +1In|y| + zsiny — ycosx = C

11 2
4. The general solution of X’ = |1 2 1| X can be written as
2 1 1
1 1 ¥
X=c |ale+e |0 et +es|—2] €.
1 6] 1

Then a+ g+ v =

| CODE 5 |
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1 -2 3 1
: 2 =35 4 .
5. If the rank of the matrix A = 3 _5 g 5 is equal to 2, then k =
1 -1 2 k*—6

d 2
6. A general solution of the differential equation d_y + —y = 4a3y* is given by
r  x

(a) y=3 =32 + Caf

(b) y=3 = 6x* + Cab

(c) y=3 =4t + Cxb

(d) y=3 =221 + Cxb
) v
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7. Ify = > c,x™ is a power-series solution of the differential equation (22 + 1)y” — 4ay’ + 6y = 0
about the ordinary point x = 0, then the constants ¢,, satisfy the recurrence relation

(a) ¢, = & ’ (Z)(_"J e n>2
) e = & - (Z)(_"J ey n>2
© o= Ol e 022
@ ¢ = 2 u (7:35?1; ey n>2
() ¢, = & Z (Z)(_”lg )y 2

8. The solution of the initial-value problem

241
xe¥ dy + (x il > dx =0, y(l) =1,
Y

is given by

(a) 3(y —1)e¥ + 22 +2In|z| =1

(b) 2(y — 1)e?Y + 22 +2In|z| =1
5(y —1)eY + 22 —2In x| =1

(d) (y—1)e¥ +z*+2Inz| =1
(e) 4(y —1)eY +2z*> +3In|z| =1

)
)
()
)
)
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9. Suppose that a 2 x2 matrix A has the eigenvalues \; = 2 and Ay = 1, with corresponding eigenvectors

v = [ﬂ , and vy = [g] , respectively. If A% = E i] ythenx +y+2+w =

(Hint: Find a diagonalizing matrix P and write A = PDP™!.)

(a) =7
(b) —10
(c) =9
(d) =5
(e) —6

10. The minimum radius of convergence of a power-series solution of the differential equation
(2% —da +13)y" 4+ 22y —y =0

about the ordinary point x = 1 is equal to

D

oL
ot W [(\)
w| = O
W

—~
@)
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o 0o 1 -1
11. If K = [ 1] is an eigenvector with eigenvalue A = —2 of the matrix A= -3 1 =3/,

1 1 —4 2

then o =

(a) O

(b) —1

(c) —2

(d) 2

(e) 1

12. The number of irregular singular points of the differential equation
?(1—2?)y" +y +ay =0

18

o~
Qo

— N e N N
=~ = W NN O

—
@
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1 2

13. A fundamental matrix of the system X' = {2 1

}Xis

DN
o |20 Gl
© | Gl
@ [
@ |5 %]

14. A linear homogeneous differential equation with real constant coefficients having the
solutions ze?® and 3e** sin(2z) is given by

(a) yW — 8y®) + 294" — 52y + 40y = 0
(b) y™® —8y® +29y" — 40y’ + 16y = 0
(c) y™@ +8y® +29y” + 52 + 40y = 0
(d) y™® —8y® + 28y” — 48y’ + 32y =0
(e) y™® — 6y® +20y" — 40y’ + 32y =0
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15. If the three vectors v; = (1,2,3), vo = (—1,0,4), and vz = (3,2, k) of R? are linearly dependent,
then k£ =

16. By using the method of undetermined coefficients, a particular solution of the differential equation
y" — 2y = 6e** + 5cosx

is given by y, = Are* + Bcosz + Csinz. Then 5B + 24 + 5C =

o

S
o e
J Ot
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2k =17
17. IfC():l,Ck:

in the series solution of a differential equation about the regular singular point x = 0, then th
solution is given by

ck_1,k > 1, is the recurrence relation corresponding to the indicial root r =

oo =

I 5) 5
— 1/2 1— Zp— — 2
(a) y==x 5% " 9% +
I 5 5
b) y=27211 -2 g
(b) y==x 12x+96x +
I 5 5
22 R
(c)y==x 18x+96x +

[ > 5
d) y=a? |1+ =+ —a*+

- . )
() y=2Y2|1- o+ —z+--.

18, Tf A — {(2) g} then A —
@ | ]
() 0 ";tjit:
o [
@ [ o)
© 0 ]
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19. A particular solution of the differential equation y” 4+ 4y = 4sec(2x) is given by y,(x) =

(a) cos(2x)In|sec(2z) + tan(2zx)| 4+ x sin(2x)
(b) sin(2z)In|sec(2z) + tan(2z)| — 1

(¢) —cos(2x)In |sin(2z)| + x sin(2z)

(d) 2z cos(2z) + sin(2x) In | cos(2z)|

(e) cos(2z)In|cos(2x)| + 2z sin(2x)

20. The sum of the indicial roots at x = 0 for the differential equation
xd—x)y' +2—-2)y +4y=0

is

(@) 0
) 1
(©
(@
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210
21. Consider the matrix A = |0 2 1|, which has an eigenvalue A = 2 of multiplicity 3 and
00 2
0
defect 2. If we choose the generalized eigenvector v3 = 0| such that (A — 2I)3v3 = 0 but
1
(A — 2I)?v3 # 0, which of the following represents the general solution of the differential system
X' =AX?
1] [t _t2/2_
(a) X(t)=|c1 |0 +ea [1] 43| ¢ e
u 0] 1|
[0] [1] [t ]
(b) X(t) = C1 1 + (&) t| + C3 t2/2 €2t
0] 10 1
[1] 1] 12
(c) X(t)=|c [1| +eo |t +es |t 2
0] 1] | 1
[0] [0] [ 1
(d) X(t)=[c1 |0 +co |1| +c3| ¢t e
1] ] t%/2
[1] [t +1 t
() X(t)=|ci [0] +ca| 1 | 4es|2t]| |e*
u | 0 1
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Check that this exam has 21 questions.

Important Instructions:

1. All types of calculators, smart watches or mobile phones are NOT allowed during the examination.

2. Write your name, ID number and Section number on the examination paper and in the upper left
corner of the answer sheet.

3. When bubbling your ID number and Section number, be sure that the bubbles match with the
numbers that you write.

4. The Test Code Number is already bubbled in your answer sheet. Make sure that it is the same as
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Term 253, MATH 208, Final Exam Page 1 of 11 ‘ CODE 6 ‘

1. The sum of the indicial roots at x = 0 for the differential equation
r(d—2)y"+2—2)y +4y =0

18

2. The solution of the initial-value problem

241
xe? dy + (x i >dx:0, y(1) =1,
is given by
a) 5(y —1)e? + 22 —2Inz| =1

)
y—1e? + 22+ 2In|z| =1

Je + 22 +3In|z| =1
y—1e¥ + 22+ 2In|z| =1
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3. Consider the system

X' = AX,  X(0)= H ,

where A is a 2 X 2 matrix with real entries. If A has the eigenvalue A\ = 1 + ¢ with corresponding

-1 _Z} , then X () =

eigenvector K = { 1

4. By using the method of undetermined coefficients, a particular solution of the differential equation
y" — 2y = 6e** + 5cosx

is given by y, = Are* + Bcosz + Csinz. Then 5B + 2A + 5C =
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5. If y = > ¢ 2™ is a power-series solution of the differential equation (22 + 1)y” — 4ay’ + 6y = 0
about the ordinary point x = 0, then the constants ¢,, satisfy the recurrence relation

(a) ¢, = & - (’:L)(_” J e n>2
) e = & - (7;)(_"1; ey n>2
ettt
@) ¢, = & u (7:1)(_”1; ey n>2
() o = & Z (Z)f’l; )y 2

6. If the three vectors v; = (1,2,3), v = (=1,0,4), and v3 = (3,2,k) of R? are linearly dependent,
then k =
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1 2

9 1}XIS

7. A fundamental matrix of the system X’ = {

ot Bt
(a) ot €3t:|
(et ot
OR
et 0
CH
'26—15 €3t
@ |27 Gl
[ et 33
(e) et 6375]

8. Consider the non-homogeneous system
p 0
X' =AX + [3] )

If the general solution of the associated homogeneous system is X, = ¢; E} el + ¢ B} e3t, then a

particular solution X, is
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9. Suppose that a 2 x2 matrix A has the eigenvalues \; = 2 and Ay = 1, with corresponding eigenvectors

v = [ﬂ , and vy = [g] , respectively. If A% = E i] ythenx +y+2+w =

(Hint: Find a diagonalizing matrix P and write A = PDP™!.)

(a) —6
(b) =7
() =5
(d) —10
(e) =9

10. The minimum radius of convergence of a power-series solution of the differential equation
(2% —da +13)y" 4+ 22y —y =0

about the ordinary point x = 1 is equal to

/a/-\
(G2 NV w
3‘

w

—~
@)
S‘
]
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d 2
11. A general solution of the differential equation d_y + —y = 4a3y* is given by
T x

_ 125 At _
12. If A= {0 2},thene =
e215 5€2t
@ [ %]
0 e
o2t ot
o [y o
0
_€2t 2t€2t_
(c) 2t
0 e
_62t 5t€2t_
(d) ot
0 e
'62t 5t€2t—
(e) 0 262t
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13. The number of irregular singular points of the differential equation
1=y +y +ay=0

18

N~

Q. o
Na— N N N N
_— O W N

—~
@)

14. A linear homogeneous differential equation with real constant coefficients having the
solutions re*” and 3e*” sin(2z) is given by

(a) y® 4 8y®) 4 29y + 52y + 40y = 0
(b) y® —6y® +20y” — 40y’ + 32y =0
(c) y® —8y® 4+ 28y" — 48y’ + 32y =0
(d) y@W — 8y + 299" — 52y’ + 40y = 0
(e) y — 8y + 29y — 40y’ + 16y = 0
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15. If the rank of the matrix A =

+/6

)
)
c) 3 only
)
) —3 only

16. The general solution of X’ =

X=c¢ |a|et4c |0

Then aa+ 4+ v =
(a) 1
(b) -1
(c) —2
(d)
)

—
@)
w O

N = =

N CO Ot W

€7t+C3 -2 €.

k*—6

t

Page 8 of 11

is equal to 2, then k =

1 2
2 1| X can be written as
1 1

| CODE 6 |
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« 0 1 -1
17. If K = [ 1] is an eigenvector with eigenvalue A = —2 of the matrix A= -3 1 =3/,
1 1 —4 2
then o =
(a) =2
(b) 1
(c) 2
(d) -1
(e) O
2k — 7 ) . . e 1
18. If ¢g =1, ¢, = ck—1,k > 1, is the recurrence relation corresponding to the indicial root r = 3

@

in the series solution of a differential equation about the regular singular point x = 0, then th
solution is given by

1/2 i 5

(a) y=1 1_Ex+%x2+
(b) y = x'/? :1—%33—%3524_..._
(c) y=2a'" _1+15—2x+%x2+
(d) y =2 :1—%$—|—%x2+----
(€) y=a'? 1—1—8m+%x2+



Term 253, MATH 208, Final Exam Page 10 of 11 ‘ CODE 6 ‘

19. A particular solution of the differential equation y” 4+ 4y = 4sec(2x) is given by y,(x) =

a) cos(2x)In|sec(2z) + tan(2z)| + = sin(2z)
b) sin(2z) In|sec(2z) + tan(2z)| — 1

(a)

(b)

¢) —cos(2z)In|sin(2z)| + x sin(2x)
)
)

(
(d) cos(2z)In|cos(2x)| + 2z sin(2x)
(e) 2z cos(2z) + sin(2x) In | cos(2z)|

20. The solution of the exact differential equation

. . 1 1
siny +ysinx + — | dov + | — +xcosy —cosz | dy =0
Z Y

is given by

(a) In|z|+In|y| +xcosy —ycosx = C
(b) In|x| +1In|y| + zsiny — ycosx = C

(
(

(e) In|z| +1In|y| + ysiny —xcosz =C

)

)

¢) Injz| —In|y| —xcosy —ycosx =C

d) In|z| —Inl|y| + zsiny — ycosx = C
)
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210
21. Consider the matrix A = |0 2 1|, which has an eigenvalue A = 2 of multiplicity 3 and
00 2
0
defect 2. If we choose the generalized eigenvector v3 = 0| such that (A — 2I)3v3 = 0 but
1
(A — 2I)?v3 # 0, which of the following represents the general solution of the differential system
X' =AX?
1] [t +1 t
(a) X(t)=[c |0 +ca| 1 | +cg|2t] |e*
u | 0 1
[0] [0] [ 1]
(b) X(t)=[c1 |0 +co |1| +c5| ¢ e
1] t) t%/2]
[1] t] [12/2]
(¢) X(t) = [0 +co || +e3| ¢ e
u 0 I
[0] 1 [t ]
(d) X(t)= e [1] 4o [t] 43 |t?/2] | *
0] 0 1
1] t 12
() X(t)=|c [L| +ea|t]| +ez|t] |
0] 1] | 1
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Check that this exam has 21 questions.

Important Instructions:

1. All types of calculators, smart watches or mobile phones are NOT allowed during the examination.

2. Write your name, ID number and Section number on the examination paper and in the upper left
corner of the answer sheet.

3. When bubbling your ID number and Section number, be sure that the bubbles match with the
numbers that you write.

4. The Test Code Number is already bubbled in your answer sheet. Make sure that it is the same as
that printed on your question paper.

5. When bubbling, make sure that the bubbled space is fully covered.

6. When erasing a bubble, make sure that you do not leave any trace of penciling.
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1. The number of irregular singular points of the differential equation
1=y +y +ay=0

18

N~

Q. o
Na— N N N N
N s R O W

—~
@)

2. Consider the non-homogeneous system

X’:AX+[§}.

If the general solution of the associated homogeneous system is X, = ¢; [ﬂ el + ¢ B} e3t, then a

particular solution X, is

@ 2]
o |y
@ |3
@ [
@ ]
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1 -2 3 1
: 2 =35 4 .
3. If the rank of the matrix A = 3 _5 g 5 is equal to 2, then k =
1 -1 2 k*—6

4. Consider the system

X'— AX,  X(0) = H ,

where A is a 2 X 2 matrix with real entries. If A has the eigenvalue A\ = 1 + ¢ with corresponding

-1 _Z} , then X () =

eigenvector K = { 1
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o 0o 1 -1
5. If K = | 1] is an eigenvector with eigenvalue A = —2 of the matrix A= |-3 1 —=3|,
1 1 —4 2
then o =
(a) O
(b) 2
(c) —1
(d) 1
(e) —2
11 2
6. The general solution of X’ = [1 2 1| X can be written as
2 1 1
1 1 v
X=c |ale+e |0 et +e|—2] €.
1 6] 1

Then a+ B+~ =

EA/—\/\
w O =

—~
)
|
—
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7. A particular solution of the differential equation y” + 4y = 4sec(2x) is given by y,(z) =

a) —cos(2x)In|sin(2z)| 4+ z sin(2z)
b) 2z cos(2z) 4 sin(2z) In | cos(2x)|

(a)
(b) 2z c
(c) sin(2x)In|sec(2x) + tan(2z)| — 1
(d)
)

~—

wn

os(2x

(
(

d In | cos(2x)| + 2z sin(2x)
(e) cos(2z)In|sec(2z) + tan(2z)| + x sin(2x)

Q

~— —

2z

8. Suppose that a 2 x 2 matrix A has the eigenvalues A\; = 2 and \; = 1, with corresponding eigenvectors

v = {ﬂ , and vy = B} , respectively. If A? = E iﬂ ythenrx+y+2+w =

(Hint: Find a diagonalizing matrix P and write A = PDP~1.)

(a) =9

(b) —6

(c) =7

(d) =5
)
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9. A fundamental matrix of the system X’ = E ﬂ X is

DN
o [
Ol
@ [
© | Gl

10. The sum of the indicial roots at x = 0 for the differential equation
r(d—2)y"+2—2)y +4y=0

18

S N

—

(o}

N—
N
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11. By using the method of undetermined coefficients, a particular solution of the differential equation
y" — 2y = 6e** + 5cosx

is given by y, = Are* + Bcosz + Csinz. Then 5B + 24 + 5C =

d 2
12. A general solution of the differential equation d_y + —y = 423y* is given by
r
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13. The solution of the exact differential equation

. . 1 1
siny +ysinx+ — | dv+ | —+xcosy —cosx | dy =10
x y

is given by

(a) In|z|+1Inly| +ysiny —zcosz =C
(b) In|z| +1Inl|y| + zcosy —ycosx =C

)

)

(¢) In|z| —In|y| —zcosy —ycosz = C

(d) In|z| — In|y| + xsiny — ycosz = C
)

(e) In|z| +1In|y| + zsiny — ycosx =C

2k —
14. IfC():l, Cr = !

in the series solution of a differential equation about the regular singular point £ = 0, then th
solution is given by

cx—1,k > 1, is the recurrence relation corresponding to the indicial root r =

o=

i . . -
— V21— e 2
(a) y==x _1 12x+96x +
- . . :
b) y=2217211-2= Sy BT
(b) y==x _ 18$+96x+

[ 5
() y=a"? |1+ a4+ —a®+ -

(&) y=a"? |1 - —o— —2®+--.
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15. If A= LQ) g} , then et =
@ [ %)
(b) 0 Yo |
(© 0 ]
@ [y o
© 0 ]

Page 8 of 11
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16. A linear homogeneous differential equation with real constant coefficients having the

solutions ze?® and 3e** sin(2z) is given by

(a) yW — 8y®) + 299" — 52y + 40y = 0
(b) y™® —8y® +28y” — 48y’ + 32y =0
(c) y™® — 6y® +20y" — 40y’ + 32y =0
(d) y™@ —8y® +29y" — 40y’ + 16y = 0
(e) y™@ +8y® +29y” + 52y + 40y = 0
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17. If y = 307 jc,x™ is a power-series solution of the differential equation (z? + 1)y” — 4ay’ + 6y = 0
about the ordinary point x = 0, then the constants ¢,, satisfy the recurrence relation

(a) ¢, = & Z(Z)(—nﬁ e 02
) e = & u (:?(_”J e n>2
© o= Ol e 022
@ ¢ = 2 u (7:35?1; ey n>2
0 o _ (4= n)m+5) e

n(n _ 1) CTL—27

18. The minimum radius of convergence of a power-series solution of the differential equation
(2% — 4z +13)y" + 22y —y =0

about the ordinary point x = 1 is equal to

23

—~ T

© o

~ ~— VY
o Ot W

é’

w
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19. The solution of the initial-value problem

241
xe’ dy + (x i ) dx =0, y(l) =1,
)

is given by

5y —1)eY +a? —2In|z| =1
20y —1)e¥ + 22 + 2Inz| =1
3(y—1)eY + 2% +2In|z| =1
(y—1)e? + 22 +2Injz| =1

Page 10 of 11

| CODE 7 |

20. If the three vectors v; = (1,2,3), v, = (—1,0,4), and vz = (3,2, k) of R® are linearly dependent,

then k =
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210
21. Consider the matrix A = |0 2 1|, which has an eigenvalue A = 2 of multiplicity 3 and
00 2
0
defect 2. If we choose the generalized eigenvector v3 = 0| such that (A — 2I)3v3 = 0 but
1
(A — 2I)?v3 # 0, which of the following represents the general solution of the differential system
X' =AX?
1] [t +1 t
(a) X(t)=[c |0 +ca| 1 | +cg|2t] |e*
u | 0 1
[0] [0] [ 1
(b) X(t)=[c1 |0 +co |1| +c5| ¢ e
1] ] t%/2
[1] 1] 12
() X(t)=|ca [L| +ea |t]| +ea|t] |
- - .
(d) X(t)= e [1]| +co |t]| +es [t2/2] | *
0] 10 1
1] 1] t2/2]
(e) X(t)=[e [0 +co |1| +e3| ¢ e
u 0] 1]
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Check that this exam has 21 questions.

Important Instructions:

1. All types of calculators, smart watches or mobile phones are NOT allowed during the examination.

2. Write your name, ID number and Section number on the examination paper and in the upper left
corner of the answer sheet.

3. When bubbling your ID number and Section number, be sure that the bubbles match with the
numbers that you write.

4. The Test Code Number is already bubbled in your answer sheet. Make sure that it is the same as
that printed on your question paper.

5. When bubbling, make sure that the bubbled space is fully covered.

6. When erasing a bubble, make sure that you do not leave any trace of penciling.
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1. The minimum radius of convergence of a power-series solution of the differential equation
(2% —da +13)y" + 22y —y =0

about the ordinary point z = 1 is equal to

5%

— T
© o
~ ~— VY
ot W N
3'
w

2. If the rank of the matrix A = is equal to 2, then k =

e S
|
o

DO 00 UU WO

(a) —3 only
(b) 3 only
(c) £V6
(d) +3

)
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3. The number of irregular singular points of the differential equation
1=y +y +ay=0

18

N~

Q. o
Na— N N N N
O N s W

11 2
4. The general solution of X’ = |1 2 1| X can be written as
2 11
1 1 v
X=c¢ |a|e¥4+c |0 et +e5 |—2] €.
1 I6] 1

Then o+ +v =

—_

(a) 0

(b) —2

(c) 3

(d) —1
)
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d. IfA:l

2 5
0 2

} , then et =

5te?t
2€2t

2i62t:|

62t

He?t
o2t

65t
€2t

5t62t]

€2t
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6. Suppose that a 2 x 2 matrix A has the eigenvalues A\; = 2 and A\, = 1, with corresponding eigenvectors

v = {ﬂ , and vy = B] , respectively. If A? = [ﬁ i] ,thenx +y+2+w =

(Hint: Find a diagonalizing matrix P and write A = PDP™'))

(a) —10
(b) —6
(c) =9
(d) =5
(e) =7
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7. Ify = > c,x™ is a power-series solution of the differential equation (22 + 1)y” — 4ay’ + 6y = 0
about the ordinary point x = 0, then the constants ¢,, satisfy the recurrence relation

(a) ¢ = - (73(_”1; ey n>2
) e = & - (Z)(_"J ey n>2
P
@ ¢ = 2 u (7:35?1; ey n>2
() ¢, = & Z (7;)(_”; ey 2

8. The solution of the initial-value problem

241
xe¥ dy + (x il > dx =0, y(l) =1,
Y
is given by
y—1e¥ + 22+ 2In|z| =1

3(
5(y—1)eY + 22 —2In|z| =1
4y —1)eY +2* +3In|z| =1
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d 2
9. A general solution of the differential equation d—y + —y = 4a3y* is given by
r x

(a) y=2 =324 + Cab

(b) y=3 = bt 4 Cxb

(c) y=3 = da* + Cxb

(d) y=3 = 6x* + Cab
)

o 0o 1 -1
10. If K = [ 1] is an eigenvector with eigenvalue A = —2 of the matrix A= -3 1 =3/,
1 1 -4 2
then o =
(a) 0
(b) —2
(c) 2
(d) 1
)



Term 253, MATH 208, Final Exam Page 6 of 11 ‘ CODE 8 ‘

2k -7

11. If Co — 1, Cr —

in the series solution of a differential equation about the regular singular point x = 0, then th
solution is given by

ck_1,k > 1, is the recurrence relation corresponding to the indicial root r =

oo =

(a) y = x!'/? -1+Ex—l—%x2+
(b) y = /2 _1—%x—%x2+-~
(c) y=a/? &—%x%—%ﬁ—l—
(d) y=='/? :1—%x+%x2+~~-
(e) y = ax'/? _1——x+3x2—|—

12. A particular solution of the differential equation y” + 4y = 4sec(2z) is given by y,(z) =

(a) 2xcos(2x) + sin(2z) In | cos(2x)|
(b) cos(2z)In | cos(2x)| + 2z sin(2x)
(c) cos(2z)In|sec(2z) + tan(2z)| + x sin(2x)
(d) —cos(2x)In |sin(2z)| + x sin(2x)

)

(e) sin(2z)1n|sec(2x) + tan(2x)| — 1
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13. By using the method of undetermined coefficients, a particular solution of the differential equation
y" — 2y = 6e** + 5cosx

is given by y, = Are* + Bcosz + Csinz. Then 5B + 24 + 5C =

14. The sum of the indicial roots at x = 0 for the differential equation
zd—z)y'+2—2)y +4y=0

18
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15. Consider the system

X'— AX,  X(0) = H ,

where A is a 2 X 2 matrix with real entries. If A has the eigenvalue A\ = 1 + ¢ with corresponding

-1 _Z} , then X (m) =

eigenvector K = { 1

16. The solution of the exact differential equation
. . 1 1
siny +ysinx + — | dv+ | —+xcosy —cosz | dy =0
xz Y

is given by

(a) In|z| +1In|y| + xcosy — ycosz = C
(b) In|z| —In|y| —xcosy —ycosxz = C
(¢) In|z| +1In|y| + zsiny —ycosz = C
(d) Injz| —In|y| + zsiny —ycosx = C

)

(e) In|z| +1In|y| +ysiny —xcosx =C
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17. Consider the non-homogeneous system

X’:AX+B}.

If the general solution of the associated homogeneous system is X, = ¢; E] el + ¢ E} e3t, then a

particular solution X, is

1 2

18. A fundamental matrix of the system X' = {2 1

}Xis

e
e—t 63t
(c) | €3t:|
et 3e3t
@ [ %
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19. If the three vectors v; = (1,2,3), vo = (—1,0,4), and vz = (3,2, k) of R? are linearly dependent,
then k£ =

20. A linear homogeneous differential equation with real constant coefficients having the
solutions re*® and 3e*” sin(2z) is given by

(a) y™® 4+ 8y®) 4+ 29y" + 52y + 40y = 0
(b) y® —8y® +29y" — 40y’ + 16y = 0
(c) y™® — 6y® +20y" — 40y’ + 32y =0
(d) y™® —8y® +28y" — 48y’ + 32y =0
(e) y™® —8y® +29y" — 52y + 40y = 0
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210
21. Consider the matrix A = |0 2 1|, which has an eigenvalue A = 2 of multiplicity 3 and
00 2
0
defect 2. If we choose the generalized eigenvector v3 = 0| such that (A — 2I)3v3 = 0 but
1
(A — 2I)?v3 # 0, which of the following represents the general solution of the differential system
X' =AX?
[0] 1] [t ]
(@) X(t)=[cy |1]| +co [t] + 5 [t2/2] | *
u 0] I
[0] [0] [ 1]
(b) X(t)=[c1 |Of +co |1| +c3| ¢ e
1] ] t%/2]
1] [t _t2/2_
() X(t) = [0 +co |1| +e3| ¢ e
u 0] 1]
[1] 1] 2
(d) X(t) = C1 1 + Co t| + C3 t 62t
0] | 1] |1
[1] [t +1 t
() X(t)=|ci [0] +ea| 1 | 4es|2t]| |e*
u | 0 1
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Q [ MASTER
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11
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Figure 1: Frequency of each answer option, excluding the master.



